On the number of Nambu— Goldstone bosons and its relation to charge densities 



O 

(N 

> 
O 



Oh' 
I 

Oh 

CD 



(N 
> 

m 
o 



X 



Haruki Watanabe^' ^'B and Tomas Brauner-^'^'lll 

^Department of Physics, University of Tokyo, Hongo, Tokyo 113-0033, Japan 
^Department of Physics, University of California, Berkeley, California 94720, USA 
^Faculty of Physics, University of Bielefeld, 33615 Bielefeld, Germany 
^Department of Theoretical Physics, Nuclear Physics Institute ASCR, 25068 Rez, Czech Republic 

The low-energy physics of systems with spontaneous symmetry breaking is governed by the as- 
sociated Nambu-Goldstone (NG) bosons. While NG bosons in Lorentz-invariant systems are well 
understood, the precise characterization of their number and dispersion relations in a general quan- 
tum many-body system is still an open problem. An inequality relating the number of NG bosons 
and their dispersion relations to the number of broken symmetry generators was found by Nielsen 
and Chadha. In this paper, we give a presumably first example of a system in which the Nielsen- 
Chadha inequality is actually not saturated. We suggest that the number of NG bosons is exactly 
equal to the number of broken generators minus the number of pairs of broken generators whose 
commutator has a nonzero vacuum expectation value. This naturally leads us to a proposal for a 
different classification of NG bosons. 
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I. INTRODUCTION AND SUMMARY 

Spontaneous symmetry breaking (SSB) is a ubiquitous 
phenomenon in Nature. In quantum many-body theory, 
its significance is further boosted by the fact that it pro- 
vides us with a rare example of a general exact result: 
the Goldstone theorem [l], The low-energy physics 
of systems exhibiting SSB is governed by the associated 
soft excitations, the Nambu-Goldstone (NG) bosons (see 
Rcf. 3] for a comprehensive early review). While NG 
bosons in Lorentz-invariant systems are well understood, 
the precise characterization of their number and disper- 
sion relations in a general quantum many-body system is 
still an open problem. 

The systematic study of NG bosons in Lorentz- 
noninvariant systems was initiated by Nielsen and 
Chadha in their seminal work Q . They showed that un- 
der certain technical assumptions, including rotational 
invariance and the requirement of absence of long-range 
interactions, the energy of the NG boson is proportional 
to an integer power of momentum in the long- wavelength 
limit, £{k) cx |fc|". The NG boson is then classified as 
type-I if n is odd, and as type-II if n is even. Nielsen and 
Chadha proved that the number of type-I NG bosons plus 
twice the number of type-II NG bosons is greater than or 
equal to the number of broken symmetry generators. 

In Lorentz-invariant systems, the Nielsen-Chadha 
(NC) inequality is trivial since it is well known that 
the number of NG bosons, all being naturally type-I, 
equals the number of broken generators. In Lorentz- 
noninvariant systems, the NC inequality allows the num- 
ber of NG bosons to be smaller than the number of bro- 
ken generators provided some of them have nonlinear dis- 
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persion relation. A renown example is the ferromagnet 
where two generators broken by the spontaneous magne- 
tization give rise to only one NG boson — the magnon — 
having a quadratic dispersion relation at low momentum. 

It is perhaps worth emphasizing that the NC counting 
rule is formulated as an inequality and that it does not 
constrain in any way the power of momentum appearing 
in the dispersion relation. In fact, a quick sociological 
survey reveals that this generality of the Nielsen-Chadha 
theorem is not very well appreciated in publications cit- 
ing the original work . The reason for this probably is 
that in the concrete systems studied in literature, type-I 
and type-II NG bosons always have linear and quadratic 
dispersion relations, respectively, and the NC inequal- 
ity is always saturated. In Appendix |X] of this paper, 
we point out a rather trivial class of theories where NG 
bosons with energy proportional to an in principle ar- 
bitrarily high power of momentum can appear, and the 
NC inequality is not necessarily saturated [5]. This ulti- 
mately leads us to the proposal for a different classifica- 
tion of NG bosons, and the evidence that this provides 
and exact equality for their count. 

Our work is based on the dependence of the number 
of NG bosons and their dispersion relations on expecta- 
tion values of conserved charges, which was first investi- 
gated at the general level by Leutwyler and Schafer et 
al. (see also Ref. Q for a recent review). Leutwyler 
used effective field theory to argue that, in the absence 
of quantum anomalies, nonzero density of a non-Abelian 
conserved charge leads to the appearance of NG bosons 
with a quadratic dispersion relation. This connection 
was further elaborated in Ref. |9)] where en exact equal- 
ity (saturating the NC inequality) was established for the 
class of linear sigma models with chemical potential at 
tree level. Every pair of broken generators whose commu- 
tator has a nonzero expectation value was found to give 
rise to one type-II NG boson with a quadratic dispersion 
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relation. On the other hand, Schafer et al. Q related 
charge densities to the number of NG bosons by showing 
that this number equals the number of broken genera- 
tors provided the expectation values of commutators of 
all pairs of broken generators vanish. 

Our present proposal can in a sense be understood 
as a synthesis of these previous works. We argue that 
given the three characteristics of SSB, that is, the num- 
ber of NG bosons, their dispersion relations, and the ex- 
pectation values of charge densities, an exact equality 
can be obtained by focusing on the relation between the 
number of NG bosons and the charge densities. Thus, 
our work generalizes the theorem of Schafer et al. 
This is in contrast to Nielsen and Chadha Q as well as 
Leutwyler ^ who emphasized the role of the NG boson 
dispersion relations. 

In order that the generality of our proposal is not ob- 
scured by the technical details, we formulate it here. 
Let Qa be the set of (spontaneously broken) conserved 
charges of the theory. The number of NG bosons hng 
related to the number of broken symmetry generators n^s 
by the equality 

riBS - «NG = ^rankp, (1) 

where the matrix of commutators p is defined by ipab = 
lim^-j-oo j2 (0|[Qai Qfc]|0) and fl is the space volume. Note 
that rank p is always even since p is real and antisym- 
metric. Unfortunately, we were not able to prove Eq. ([T]) 
in the full generality so it remains a conjecture at the 
moment. However, we can prove a one-side inequality 
and provide evidence that the opposite inequality holds 
as well. We should also emphasize that our argument 
applies to continuum field theories as well as to models 
defined on a (space) lattice. 

The paper is organized as follows. In Section |TT] we 
make some general remarks on SSB, basically setting up 
the stage for the discussion of our main result. We also 
introduce a class of "uniform" symmetries to which the 
standard derivation of the Goldstone theorem applies. In 
Section Hill we give a partial proof of the conjecture ([T]) 
and provide evidence for the missing part of the proof. 
Finally, in Section HVl we conclude and afford some spec- 
ulations. Some technical details as well as specific ex- 
amples that do not pertain to the general argument, are 
relegated to the appendices. 

II. GENERAL REMARKS ON SSB AND THE 
GOLDSTONE THEOREM 

In this section we will briefly review the notion of SSB 
and the Goldstone theorem. Although we will not repeat 
in detail its proof, we would like to make a number of 
comments explaining under what conditions and techni- 
cal assumptions this proof applies. This may at times 
look like purely academic pedantry, yet the example of 
a sharp inequality in the NO counting rule presented in 



Appendix |X] shows that one should be prepared for the 
unexpected. 

Let us first, following Nielsen and Chadha [3], define 
what we mean by the number of broken generators riBS ■ 
We demand that there is a set of conserved charges Qa 
and a set of (quasi-)local fields ^a{x), or, on a space 
lattice, operators ^a{t,Xi), where a = 1, . . . ,nBs, such 
that the matrix 

Mab={0\[Qa,<i>b{0)m (2) 

is nonsingular (i.e. has a nonzero determinant). More- 
over, we assume that the conserved charges can be ex- 
pressed as a spatial integral or sum of local charge den- 
sities, 

Qa^ f d''xj°{t,x), or 

^ V- . ^ (3) 

Qa^ Pa\t,X^). 

Xi ^lattice 

Strictly speaking, the broken charge operators are only 
well defined in a finite volume. Nevertheless, in the for- 
mal derivations they only appear in commutators which 
have a well-defined infinite- volume limit |3| . 



A. Uniform symmetries 

The proof of the Goldstone theorem essentially pro- 
ceeds by finding the spectral representation of the com- 
mutator ([2]). This heavily relies on the integral represen- 
tation ([3]) and the following translational property of the 
charge densities, 

j°(x)=e^^-j°(0)e-^-, or 

(4) 

Pa{t,Xi) ^ e'"'Tlpa{Q)T^^e-'"\ 

where is the four-momentum operator, H the Hamil- 
tonian, and Tg, . is the operator of a finite (lattice) trans- 
lation by Xi. Even though this property is usually taken 
for granted, it only holds provided that the charge density 
operator, as constructed in terms of the local operators of 
the theory, does not depend explicitly on the coordinate. 
We will call symmetries whose charge densities satisfy 
this condition uniform. 

As an example, consider the simplest field theory ex- 
hibiting SSB and a NG boson: the free massless relativis- 
tic scalar field theory, defined by the Lagrangian 

c = (5) 

The action of this theory is invariant under the set of 
global transformations (l){x) — 4>{x) + 6{x) with 9{x) = 
a + bax" , where a, ba are the parameters of the transfor- 
mation. The corresponding five conserved Noether cur- 
rents are given by 

r{x)^d'^(t,{x), j^(x) =a;„a^0(x)-<5^i0(a;). (6) 
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Thanks to the commutation relations with the field op- 
erator, [iQ,(j){x)] = 1 and [iQcn4>{x)] = Xa, all five 
integral charges Q, Qa are spontaneously broken, while 
there is obviously only one massless mode in the spec- 
trum. The resolution of this apparent paradox is that the 
charge densities do not satisfy Eq. dH). In fact, a 

short explicit calculation gives j^(a;) — e*^'^j^(0)e~*^'^ = 
Xad^^<j){x). Thus the standard proof of the Goldstone the- 
orem does not apply to the charges Qa, and we should 
not a priori expect additional NG bosons stemming from 
their spontaneous breaking. 

An intuitive understanding of why there is only one 
NG boson instead of the naively expected five, can be 
gained using the argument of Low and Manohar [To| . 
Since the NG boson can be generated by a local broken 
symmetry transformation acting on the order parame- 
ter for SSB, two spontaneously broken transformations 
will give rise to only one NG boson if their local forms 
coincide. This is exactly the case of the transformations 
generated by Q, Qa which all have the same local form. A 
similar example is a crystalline solid where both continu- 
ous translations and rotations are spontaneously broken, 
yet only NG bosons corresponding to the translations — 
the phonons — appear in the spectrum. 

Despite the above example of an internal nonuniform 
symmetry, typical representatives of the class of nonuni- 
form symmetries according to our definition are space- 
time symmetries such as rotational or conformal invari- 
ance. In fact, the only example of a uniform spacetime 
symmetry is obviously translational invariance. In the 
following, we will assume that there is at least a discrete 
unbroken translational invariance, such as in crystalline 
solids. This is necessary in order to have quasiparticles 
with well-defined (real or crystal) momentum. With the 
above in mind, our result will apply to all spontaneously 
broken global continuous uniform symmetries. Eq. Q 
then holds whether continuous translational invariance 
is spontaneously broken or not. 

One might think that the restriction to uniform sym- 
metries could be avoided by resorting to the variant of 
the proof of the Goldstone theorem using the quantum 
effective potential or action [2[, which does not rely on 
the operator identity As it may be of general in- 
terest, we provide in Appendix [B] a modification of this 
proof that applies to nonuniform symmetries, leading es- 
sentially to the same conclusion as the classical argument 
of Ref. [1^]. However, this method of proof only gives 
the number of flat directions of the effective potential 
(or equivalently the number of zero modes of the inverse 
propagator of the theory at zero momentum), which in 
Lorentz-noninvariant theories is in general not equal to 
the number of NG bosons. This means that while it can 
be used to make statements within Lorentz-invariant the- 
ories, it can tell us very little about the number of NG 
bosons in Lorentz-noninvariant theories. 



B. Conserved charges and their densities 

Here we make a number of other short comments re- 
lated to the conserved charges required by the Goldstone 
theorem. First, despite the fact that one (including our- 
selves) usually speaks of "broken generators", it should 
be noted that the operators Qa in Eq. ^ need not be 
generators of symmetry transformations in the Noether 
sense [ll|. In fact, the only two properties needed for the 
proof of the Goldstone theorem are that Qa are integrals 
or sums of charge densities as in Eq. ([3]) and that Qa are 
time-independent. Of course, the most convenient way 
to ensure that Qa is time- independent is starting from 
a four-current j^{x) which satisfles the continuity equa- 
tion, a^j^ = 0. 

Second, our conjecture ([T]) is formulated in terms of 
a commutator of charges. Since generators of symmetry 
transformations span a Lie algebra, this strongly suggests 
that Pah is actually a linear combination of expectation 
values of the charges themselves. However, this would 
disregard the possibility that the representation of the 
Lie algebra of conserved charges on the Hilbert space 
possesses a set of central charges. One can then expect a 
generalized commutation relation of the type [QajQb] = 
iCab^+ifabcQc- This phenomenon is certainly rather rare 
since the central charges Cab can be removed by a suitable 
redefinition of the generators Qa for all semisimple Lie 
algebras [l^l- Yet, once central charges do appear, it can 
even happen that pab is nonzero although at the classical 
level the Lie algebra of conserved charges is commutative. 
The simplest example is perhaps the free non-relativistic 
particle which can be interpreted as a type-II NG boson 
of an extended ISO (2) symmetry 0]. 

Finally, it may be instructive to emphasize that any 
proof of the Goldstone theorem or its generalizations, 
including ours, can be applied not only to the set of all 
broken generators of a given theory, but also to its subsets 
closed under commutation. Any conclusion about the 
number of NG bosons then refers to those NG bosons 
that couple to the broken charges considered. 



III. CHARGE COMMUTATOR AND THE 
NUMBER OF NG BOSONS 

The aim of this section is to provide evidence for our 
conjecture (P). We will actually prove a one-sided in- 
equality and give a physical argument why the opposite 
inequality also holds. We will essentially follow the strat- 
egy of Nielsen and Chadha [4] and complement it with 
the relation to the charge commutator matrix pab- 

The NG mode with zero momentum corresponding to 
the broken generator Qa will be represented as \a) = 
QajO). This is a consistent definition of zero-momentum 
NG states. On the one hand, all states \a) are created 
by the broken charges and have zero energy. On the 
other hand, assume that there is another zero-energy 
state which is orthogonal to all |a)'s. By construction, it 
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then has a zero coupling to all broken charges, hence does 
not contribute to the commutator ([2]), and thus should 
not be counted among the NG bosons. Consequently, 
the number of NG bosons is equal to the number of lin- 
early independent vectors \a). Note that this argument 
uses the implicit assumption that the NG states form a 
vector space, which is rigorously justified at least at zero 
momentum. 



A. Proof of ubs — nj^G < (1/2) rankp 

Since out of the ubs vectors |a), there are only ting 
linearly independent ones, there must be a set of com- 
plex coefficients Cpa, where p = 1, . . . , An and An = 
?^BS— '^■NG7 such that Cpa\a) = with rankC = An (sum- 
mations over repeated indices are implied). As pointed 
out by Nielsen and Chadha the An vectors C*„|a) 
are linearly independent. Indeed, if this were not the 
case, there would be a set of coefficients Dp such that 



DpC;ja} 



0. Then, 



{DpC;,)Mab - DpC;,{o\[Qa,Mmo) = 

= {a\C;,DpMOm - mb{0)DpC;ja) = 0, (7) 

where the matrix AI is defined in Eq. Eq. ([7]) would 
imply that the matrix M has a zero eigenvalue, which 
would contradict the assumption of SSB that AI is non- 
singular. 

We have observed that CpaQa\0} — for all p = 
1, . . . , An, and that {C*^Qa\0)}pJ^i are linearly indepen- 
dent. This implies that Ap = CpaQa (^J = CpaQa) acts 
as the annihilation (creation) operator of a NG boson la- 
belled by p. Since {A^lO)}^^';^ are hnearly independent, 
the An x An matrix G defined as 



{0\ApAl\0) = {0\[Ap,Al]\0) = {CgC%, (8) 



is Hermitian and positive definite; the Hcrmitian ma- 
trix g here is defined as gab = The matrix 
G can be diagonalized by a unitary matrix U so that 
UGW = diag(Ai,...,AA„). From Eq. © we can see 
that the diagonalization is achieved by the replacement 
C — ?► UC . Thus, we can choose C from the beginning in 
such a way that G is already diagonal. We then have 

(0||[^p, At]|0) = 5pq\q (no sum over q). (9) 

Note that this relation is reminiscent of a commutation 
relation between the annihilation and creation operators, 

[Ap,At] CX 5pq. 

Now we are ready to show the desired inequality. Let 
us define 



Qt ^T;{Ap + Al)=Ke{Cpa)Qa, 



Qp = Yi^Ap - Al) = Im{Cpa)Qa. 



(10) 



These make 2An independent broken generators. In or- 
der to obtain a basis of the space spanned by the broken 
generators {Qa}a=\: need to add nes — 2An other bro- 
ken generators, Q'^ — B^aQa, with real Bga- Introducing 
finally the notation for the new basis 

{Ql, Q2, ■ • • , QriBs) = 
= {Ql , Ql 1 ■ ■ ■ , Qaii' Qaw Q'u ■ ■ ■ j <9nBS-2An)' (H) 

we infer that the antisymmetric matrix p, defined by 
ipab = limn^oo n (^1 [Oa, Of,] |0), equals 



p = lim — 
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V 

(12) 

where the upper left block is 2An x 2An and the asterisks 
indicate unknown, possibly nonzero entries. Since the 
transformation {QaYaTi ^ {Qa}2=i is nothing but a 
change of basis, p must have the same rank as p, hence 



rankp = rankp > 2 An, 
which was to be proven. 



(13) 



B. Explanation of nes — ^ng = (1/2) rankp and the 
relation to the NC classification 

InRef. Nambu pointed out that {0\[Qa,Qb]\0) ^ 
implies that the corresponding zero modes behave like 
canonical conjugates of each other; the same observation 
was made in a special case in Ref. 01 . We have seen this 
above; Q+ and Q~ excite the same mode ^j^|0), and 
they have the commutation relation (0|[Qp , Qp ]|0) = 
{i/2){0\[Ap,Al]\0) ^ 0, see Eqs. ® and ([ini). 

By construction, {Q+}f^i U {Q'.YsZr^^'" (or equiv- 
alently {Q" }^^i U {<3'J"ir^'^") excite hnearly inde- 
pendent modes. So, if we assume that Nambu's argu- 
ment is valid, ah of (0|[Q+,Q'J|0), (0|[Q-, Q'J|0) and 
(0|[Qs, Qs']|0) should vanish, which means all the as- 
terisks in Eq. (IT^ should be replaced with zero block 
matrices. We then arrive at the equality nes — J^ng = 
(1/2) rankp. 

As for the dispersion relation £p{k) of the mode A||0), 
we can apply the same analyticity argument as Nielsen 
and Chadha and conclude that ep(fc) is an analytic 
function of fc. In the special case of an unbroken rota- 
tional invariance, we then have £p(fe) oc |fep™J' where 
nip is a positive integer. Thus, all At|0) modes are 
type-II NG bosons. How about the modes excited by 
{Qs}"=i~^'^"? Based on the examples discussed in lit- 
erature, we can say that they usually have a linear dis- 
persion relation, that is, are type-I. However, there is 
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no general argument that would guarantee this. It is 
possible to modify the dispersion relation to a quadratic 
one by fine tuning the parameters of the theory. Indeed, 
this is demonstrated by the example we propose in Ap- 
pendix [X] All in all, the number of NG bosons with an 
even power of momentum in the dispersion relation is at 
least An. This leads immediately to the NC inequality. 

In practice, the classification of the various types of 
NG bosons can be significantly simplified by choosing 
an appropriate basis of the broken generators. To that 
end, note that one can always choose the ground state in 
such a way that only mutually commuting charges have 
nonzero vacuum expectation value. In other words, only 
generators from the Gartan subalgebra of the Lie alge- 
bra of the symmetry group can have a nonzero vacuum 
expectation value. A detailed proof of this statement is 
given in Appendix [C] at the level of generality sufficient 
for all practical purposes. By means of the general root 
decomposition of Lie algebras, it then follows immedi- 
ately that the set of broken generators splits into pairs 
whose commutator has possibly nonzero vacuum expec- 
tation value (see Appendix ID] for details). 

A cautious reader may have noticed that, strictly 
speaking, the above choice of basis may not be compat- 
ible with the choice made in Eq. pT|) . Therefore, the 
material of Appendix [C] cannot be directly used in our 
proof. However, as already stressed, it is of great practi- 
cal utility and in addition, it can be used for an alterna- 
tive derivation of the inequality nes—'T-NG ^ (l/2)rank/3, 
which is given in Appendix [Dl This derivation provides 
us with a new insight in the nature of the NG bosons 
associated with charge density. 

IV. SOME SPECULATIONS AND OUTLOOK 

In this paper we pointed out the intimate connection 
between the number of NG bosons in a quantum many- 
body system exhibiting SSB and the densities of con- 
served charges in the ground state. Our main result is 
summarized in Eq. ([T}. The method used to (partially) 
prove it, following closely Ref. HI, suggests that a dif- 
ferent classification of NG bosons than that based on 
the dispersion relation, might be useful. Let us denote 
a NG boson that couples to some combination of bro- 
ken charges C*^Qa introduced in Section Ull] as type-C 
("charged"), and the remaining NG bosons as type-N 
("neutral"). The argument in Section lllll then immedi- 
ately proves that 

nN + 2nc = nBS, (14) 

with obvious notation. Moreover, our conjecture ([TJ can 
then be cast in the form uq — (1/2) rank p. 

As follows from the proof of the Nielsen-Chadha theo- 
rem all type-G NG bosons are necessarily type-II. On 
the other hand, as pointed out already in Section IIIIBl 
type-N NG bosons can be both type-I and type-II. In 
the systems usually discussed in literature, all type-N 



NG bosons actually are type-I, hence the two classifica- 
tions coincide and the NC inequality is saturated as a 
consequence of Eq. ([TJ. However, the explicit example 
in Appendix [X] shows that there may exist NG bosons 
which are simultaneously type-N and type-II. We may 
say that such NG bosons are "accidentally" type-II since 
their nonlinear, typically quadratic, dispersion relation is 
achieved by tuning the parameters of the model. On the 
contrary, all type-G NG bosons are "robustly" type-II 
due to the connection with the conserved charge densi- 
ties. The physical origin of these two different kinds of 
type-II NG bosons is obviously very different. 

Of course, in order that this classification of NG bosons 
is consistently defined, one first has to prove that it does 
not depend on the choice of the operators Qa- For in- 
stance, the type-II NG boson of Appendix |^ would be 
classified as type-N. However, one could imagine that 
there is another conserved charge which couples to the 
the same NG boson and has a nonzero commutator with 
the Noether charge of the shift symmetry of the theory 
(jAip . The same NG boson would then be classified as 
type-C. Of course, the conjecture ([T]) would be satisfied 
in both cases. That is why we only propose this classi- 
fication here in the form of a speculation. It would be 
interesting to investigate this issue further. 

Another interesting problem is what happens when 
symmetry whose spontaneous breaking gives rise to a 
reduced number of NG bosons is gauged. How many 
massive spin-one bosons appear in the spectrum as a 
consequence of the Anderson-Higgs mechanism? Is their 
number equal to tt-ng or rather to riBS? This question has 
been addressed in Refs. [13, [3, but so far only for one 
particular model, whose global version was introduced 
earlier in Refs. [3, [l^. The problem would certainly de- 
serve a more general investigation. 

Finally, note that in this paper we concentrated solely 
on NG bosons of spontaneously broken uniform symme- 
tries. While a generalization of the Goldstone theorem 
to spontaneously broken nonuniform symmetries, which 
ensures the existence of at least one NG boson, was given 
in Appendix [B] the issue of the count of the NG bosons 
in such a case is still open. Any result with the same 
level of generality as well as rigor as the Goldstone the- 
orem would significantly improve our understanding of 
spacetime as well as other nonuniform symmetries. 
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Appendix A: Inequality in the NC counting rule 

Here we propose an example in which a strict inequal- 
ity in the NC counting rule holds. Similarly to the exam- 
ple in Section Hi Al let us consider a class of free scalar 
field theories defined by the Lagrangian density 

/:-^5o0ao0-i0i?0, (Al) 

where T> — X^^^i Cn(— V^)". This Lagrangian is invari- 
ant under a (real) constant shift of the field, ^(a;) 
<l){x)+9. 

By choosing the ground state |0) for simplicity as the 
Fock vacuum, we get 

(0||[zQ,(/.(x)]|0)-l. (A2) 

Thus, the shift symmetry is always spontaneously bro- 
ken. The corresponding NG boson is nothing but the 
one-particle state in the Fock space of this noninteract- 
ing field theory, jrifc) = ^^10) with the dispersion relation 
e{k) — v^X^n Cn|feP"- For the usual Lorentz-invariant 
case (c„ = (5n,i), we have e{k) — \k\ which represents a 
type-I NG boson so that the NG inequality is saturated. 
However, despite being somewhat pathological, it is also 
possible to choose c„ oc 5n,2- In this case, e{k) cx |fcp 
which describes a type-H NG boson, hence a strict in- 
equality occurs in the NG counting rule. The punch line 
is that the power of momentum in the dispersion relation 
of the NG boson can be modified by tuning the parame- 
ters of the Lagrangian. We expect the same is also true 
in other models such as the Heisenberg ferromagnet with 
a sufficient number of coupling constants. 

Appendix B: Goldstone theorem for nonuniform 
symmetries 

The alternative proof of the Goldstone theorem Q usu- 
ally makes use of the quantum effective potential, which 
is a function of classical uniform fields, and thus cannot 
be applied directly to nonuniform symmetry transforma- 
tions. We offer here a generalization of the argument 
that relies on the full quantum effective action. 

Following essentially Weinberg [l3| , we consider a the- 
ory of a set of (not necessarily scalar) fields, (j)i{x), and 
assume that the classical action of the theory is invariant 
under the infinitesimal shift 5<j)i{x) = 9Fi[x\ 0]. Here is 
a parameter of the transformation, and Fi is in general a 
functional of the fields and a function of the coordinate 
X. This classical symmetry is shared by the quantum 
effective action, r[(/i], that is, 

/'^'^||)^^t^^^]=«' 

provided Fi is linear in the fields. Taking now the 
variational derivative of Eq. (|B1I) with respect to 4)i{x) 



and setting the field equal to its expectation value, 
{Q\4>i{x)\Q) = Vi{x), we obtain 

Finally, we assume for the sake of simplicity full transla- 
tional invariance of the vacuum. The second derivative 
of the effective action can then be expressed in terms of 
the inverse propagator of the theory, G~^(A:). 

For uniform symmetries we can immediately infer that 
G~j^ {Q)Fj[v\ — 0. In other words, SSB implies the exis- 
tence of a gapless pole in the propagator. This is equiv- 
alent to the more common formulation of the proof us- 
ing the effective potential. Our argument is nevertheless 
more general since it also applies to theories with a non- 
local action which cannot be expressed as a spacetime 
integral of a local Lagrangian density. 

For nonuniform symmetries, we have to make one fur- 
ther step, that is, multiply Eq. (|B2p by e**^'^ and integrate 
over the coordinate x, which yields 

G^j^ik) yAe*^F, b;«]=0. (B3) 

(Nonzero momentum k is used just to ensure the conver- 
gence of the integral.) Once again, in the limit fc ^ 0, the 
integral of Fj [y; v\ represents a zero mode of the inverse 
propagator, which establishes the existence of a massless 
particle in the spectrum. 

Applying Eq. (IB3|) to the example discussed in Sec- 
tion lira we can immediately see that all five sponta- 
neously broken charges of Eq. ([6]) give rise to the same 
zero mode of the inverse propagator. Generally, it follows 
from Eq. (jBSp that two broken symmetries that have the 
same local form will give the same zero mode of the in- 
verse propagator, that is, the same NG boson. This is 
in accord with the conclusion of Low and Manohar [l^] . 
Nevertheless, in contrast to their classical field theory 
argument, our derivation actually proves the existence 
of the massless mode in the spectrum of the quantum 
theory, and is only limited by the assumed translational 
invariance and the linearity of the symmetry transforma- 
tion in the fields. 



Appendix C: Charge densities and the Cartan 
subalgebra 

In this appendix we will discuss in detail the state- 
ment made in Section IIII Bl that one can always choose 
the ground state in such a way that only mutually com- 
muting charges have nonzero vacuum expectation value. 
As explained there, this is of great practical help in the 
classification of the NG bosons. Even though we have 
not been able to prove this claim in the full generality, we 
give below a detailed proof that applies to all compact 
semisimple Lie groups which are given by direct prod- 
ucts of classical simple Lie groups. This is sufficient for 
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virtually all practical purposes. Our claim can be re- 
formulated mathematically as the statement that every 
adjoint orbit of the symmetry group passes through the 
Cartan subalgebra of its Lie algebra. We will prove it 
in turn for all classes of classical simple Lie groups and 
address the generalization to semisimple groups in the 
end. 

Let us first introduce some notation. By Ta and Qa 
we will denote the generators of the symmetry group in 
its defining representation, and its representation on the 
Hilbert space of the quantum system, respectively. The 
corresponding finite symmetry transformations will then 
be Ui0) = e'^""^" and U{0) = e'^"'^". Finally, R{0) will 
stand for the adjoint representation of the same transfor- 
mation. Note that for the sake of clarity, we use in this 
appendix hats to distinguish operators on the Hilbert 
space from finite-dimensional matrices. 

We now introduce the charge expectation values, qa = 
{0\Qa\0), and construct the matrix A4 = QaTa belong- 
ing to the Lie algebra of the symmetry group. Upon a 
symmetry transformation, the ground state |0) becomes 
\e) =U{9)\0). The charges qa then transform to ^ 

q'^ = {e\Qa\e} = {o\u{0)^QaU{e)\o} = 

= miO)abQb\0) - R{0)baqb. (CI) 

Hence Ai transforms to 

M' = q',n = qaR{0)abTb - U{9)MU{e)l (C2) 

We can see that A4 transforms in the adjoint representa- 
tion, which provides a link between the physical and the 
mathematical formulation of the problem; the fact that 
only q'^s corresponding to mutually commuting genera- 
tors are nonzero simply means that the matrix M' lies 
in the Cartan subalgebra. In the following, we will use 
the more concise mathematical formulation of the prob- 
lem. 



1. Proof for the groups SU(Af) 

Since the Cartan subalgebra is in this case formed by 
all real diagonal traceless matrices, our claim follows triv- 
ially from the well-known fact that every Hermitian ma- 
trix can be diagonalized by a suitable (unimodular) uni- 
tary transformation. To the best of our knowledge, the 
proof in this case was given for the first time in Ref. [l^ 
using an argument essentially identical to ours. 

2. Proof for the groups SO (TV) 

The Cartan subalgebra in this case can be chosen as 
the set of all (purely imaginary and antisymmetric) ma- 
trices whose only nonzero entries are localized in 2 x 2 
blocks along the diagonal. Our task is to prove that ev- 
ery purely imaginary antisymmetric matrix A4 can be 



brought into such block-diagonal form by a special or- 
thogonal transformation. 

We know that the (real) eigenvalues of a purely imag- 
inary antisymmetric matrix come in pairs with opposite 
signs and that the corresponding eigenvectors are related 
by complex conjugation. Let us denote these eigenvec- 
tors as itfc, M^. Every such pair of vectors span an invari- 
ant subspace of A4 . We can trade them for real vectors 
Vk = (ttfe + Mfc)/V2 and Wk = ~i{uk - ul)/y/2. (In 
case of odd TV, there will be an additional real eigenvec- 
tor associated with zero eigenvalue.) Since the basis of 

eigenvectors {uk;U^}kL^ is orthonormal, so is the basis 

{vk,Wk}k='^- It is real and hence connected to the basis 
we started from by a real orthogonal transformation. In 
this basis, A4 takes the desired block-diagonal form. Fi- 
nally, by flipping the sign of one of the basis vectors if 
necessary, we can ensure that the similarity transforma- 
tion leading to if fe}j^i is unimodular. 

3. Proof for the groups Sp(2N) 

Recall that the group Sp(2iV) consists of all 2N x 2N 
unitary matrices U such that UIU'^ — I where I = 
1(72 "8) livxjv with a2 the second Pauli matrix. We can 
say that Sp(2A'^) contains all unitary matrices which are 
simultaneously I-orthogonal. Likewise, the generators 
of Sp(2Ar) are Hermitian and X-antisymmetric, = 
—ITal^^- As a consequence, the generators of Sp(2iV) 
take the form 

where A is a Hermitian and B a symmetric complex N x 
N matrix. The Cartan subalgebra then consists of all 
matrices of this form with A real and diagonal and 5 = 0. 

We are now to prove that every T-antisymmetric (and 
Hermitian) matrix AA can be diagonalized by a unitary 
symplectic transformation. First, observe that if is 
its eigenvector with the (real) eigenvalue Afc, then its I- 
conjugate, lu*^,, is also an eigenvector with the eigenvalue 
—Afc. Hence the eigenvalues of M once again come in 
pairs with opposite sign and we can thus construct an 
orthonormal basis of eigenvectors and organize them in 
the columns of a unitary matrix [2(?|, 

P = (mi, . . . ,mjv,Imi, . . . ,Zm^). (C4) 

In this basis, acquires the desired diagonal form and 
a simple calculation shows that P itself is symplectic as 
required. This completes the proof. 

4. Proof for semisimple groups 

Let us prove our claim for a direct product of two 
groups of the type discussed in the preceding three sub- 
sections. The general case will then follow by induction. 
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The two (commuting) sets of generators will be denoted 
Tq (g) 1 and 1 (g) Tq, where we use Latin and Greek in- 
dices to distinguish the two groups. The matrix then 
becomes 

M = {qaTa)<»t + t<»{qM. (C5) 

The transformations from the two groups are labelled by 
independent parameters 9a and CTq, that is, U{9) = e*^"^" 
and V{a) = e*°'°"^° . Under a general transformation from 
the product group, U{9) (g) V{a), the matrix M trans- 
forms to 

M' = [U{9) (E) V{a)]M[U{9) (g) V{a)]'' = 

= [U{9)qaTaU{9)^ + [V{a)qa.T^V{(j)^. (C6) 

Obviously, one can choose the transformations in the two 
groups independently to diagonalize the respective parts 
of M so that in the end, M.' will lie in the Cartan sub- 
algebra of the product group, which is just a direct sum 
of the two Cartan subalgebras. 



Appendix D: Classification of NG bosons via Cartan 
decomposition 

In order to view the NG bosons associated with charge 
densities from a different perspective, let us recall the 
root decomposition from the theory of Lie algebras. (Our 
argument will apply to all Lie algebras to which the result 
of Appendix ICl applies . that is, to all compact semisimple 
Lie algebras which are given by direct products of clas- 
sical simple Lie algebras.) There, one constructs linear 
combinations of the Lie algebra generators in the form of 
root generators i?Q,, such that [Ea, £'^] — SapaiHi, where 
ai is the associated root vector and Hi is the basis of the 
Cartan subalgebra. 

Using the result of Appendix [Cl we now choose the 
basis of the Lie algebra so that only the generators Hi can 
have a nonzero vacuum expectation value. Concretely, 
let us consider all the roots Oc, c = 1, . . . , An' such that 



A'^ = {ac)i{0\H,\0) ^ 0. Defining analogously to Eq. ^ 
the set of 2An' generators Qf as 

\ (Dl) 

and adding nes — 2An' generators Q'g in order to obtain 
a complete basis of generators, the commutator matrix p 
becomes 





/ 


A'l 






\ 






-a; 






















p — lim — 







a:^„, 




















V 










/ 



(D2) 

Ordering the generators as in Eq. (fTTj) . we next choose the 
first 2An' interpolating fields $a in the commutator ^ 
as (j^, J?-, • ■ • , Ja^: jL')- For s = 2An' + 1, . . . , ngs 
and a = 1, . . . , 2An', we now have M^a = 0, and the SSB 
condition det M ^ Q demands that det M' ^ where 
M'g^ is the (nes — 2 An') x (nes — 2 An') lower-right cor- 
ner of Mab- Finally, we observe that since the expectation 
values of commutators of all pairs of generators Q'^ van- 
ish, according to the theorem of Schafer et al. ^] there 
must be nes — 2An' NG bosons as intermediate states 
in the commutator Ml^. At the same time, at least one 
NG boson must appear as an intermediate state in the 
commutator (0|[Q+, j°"(0)]|0) for each c = l,...,An'. 
Therefore, the number of NG bosons as bounded from 
below as nNc ^ ("-bs ^ 2An') + An' = nes — An' = 
nBs — (1/2) rankp, as proved by a different method in Sec- 
tion |llTS While the above argument uses the notation 
for charge densities introduced in Section |lT] for systems 
with continuous translational invariance, it goes through 
without change if we replace j'^ with pa — a charge density 
on a spatial lattice — as in Eq. ([3]). 
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